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First-order nematic-smectic phase transition for hard spherocylinders
in the limit of infinite aspect ratio

James M. Polson and Daan Frenkel
FOM Institute for Atomic and Molecular Physics, Kruislaan 407, 1098 SJ Amsterdam, The Netherlands
(Received 11 September 1997

We report Monte Carlo simulations of the nematic-smectic phase transition for a system of hard spherocyl-
inders with infinite length-to-diameter ratio. A finite-size scaling analysis suggests that this system undergoes
a first-order phase transition. When combined with other simulations of the phase behavior of spherocylinders,
these results suggest that the nematic-smectic phase transition is first-order for all aspect ratios. This appears to
rule out the possibility of a ftricritical point predicted by several density-functional theories.
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Some 50 years ago, Onsager showed that the nematic mie+ his later bifurcation analysis study, PoniewiergHio]
sophase observed in aqueous solutions of the tobacco mosaicowed that théN-Sm transition in theL/D =2 limit may
virus could be explained qualitatively as arising from ex-actually be first-order, though it was emphasized that this
cluded volume interactions between elongated and effeddrediction may be an artifact due to the truncation of the
tively hard particleg1]. Modeling the colloidal system as a Virial expansion at the third order. This latter study also gave
collection of hard spherocylinders, he demonstrated that af Prediction for theN-Sm transition density op* =0.46, in
orientationally ordered nematic phase was thermodynamiclose agreement with the value pf =0.47 estimated in the
cally stable in the limit of infinite length-to-diameter. More Simulation study of Bolhuis and Frenkel. In contrast, Somoza
recently, computer simulation studies of freely rotating@"d Tarazona predictee" =0.43 in this limit.
spherocylinders of finite elongation have shown that these N this paper, we investigate the nature of teSm tran-

hard-core systems exhibit a remarkably rich phase behaviopition for spherocylinders in the./D=c limit. Using

with a smectic as well as a nematic liquid-crystal mesophasé:,onstant—pressuréNPT) Monte Carlo simulations, we mea-

in addition to two stable crystalline solid phases, a rotator U ¢ the Gibbs free energy of the system as a function of a

solid phase, and the isotropic liquid phdg-6]. The two smectic order _parametetsm. We note that a free energy
) ; : . barrier separating the two phases in coexistence which grows
most recent simulation studies of hard spherocylinders are

those of McGrother, Williamson, and Jacksi], who ex- With increasing system size corresponds to the free energy of

. : . ) . the interface between the phases, and thus, is a sighature of a
amlned n ConS|dgrabIe deta|! the phase behavior of Sy_Sten}ﬁst-order phase transition. Thus, we seek the finite-size scal-
with a length-to-diameter ratio df/D<5, and of Bolhuis g pehavior of an accurately measured free-energy profile to
and Frenke[6], who mapped out the entire phase diagram inyetermine the order of the transition. We define the smectic
the range ofL/D=0 to L/D=«. However, one important qrder parameter as the magnitude of the Fourier component
issue has thusfar not been resolved: the nature of thgf the normalized density along the director,
nematic-smecticN-Sm) transition in the limitL/D =c. For

relatively short spherocylinders, the transition is clearly first 1| N -

order[5,6]. In contrast, for larg& /D, the transition appeared Asm:N 21 e, (1)

to be continuous, but the results were highly sensitive to the .

nature of the boundary conditions employ€d where N is the number of spherocylinders in the system,

The pbseryation of_ liquid-crystalline mesophqses.in COMY —27/\ ., wherehg, is the periodicity of the smectic lay-
puter simulation studies of hard core systems inspired sevs g andz; is thez coordinate of the center of mass of tfté
eral theoretical studies which sought to explain Me&Sm  gyhergeylinder, where theaxis lies along the director, and
phase transition in terms of excluded volume effects along, ;s normal to the smectic layers. Clearly,,, vanishes in
[7-10). This was a significant development because, prior tqne case of a spatially uniform nematic phase, and assumes a
that time, it had been assumed that smectic phases could N@ie yalue less than unity for a smectic phase with density

arise without the presence of attractive forces or flexibleygijations. The Gibbs free enerds(A.,) (to within an
chains(with the notable exception of the theoretical study bY 2dditive constant which is independent/of,,) is given by
Hosinoet al.[11]). The density-functional theory due to So-

moza and Tarazon@/] predicted a first-ordeN-Sm phase G(Agm=—kgT INP(Agp), 2)
transition up to a tricritical point dt/D =50, after which the

transition becomes continuous. Another density-functionalvhereP(Ag,) is the probability that the system assumes a
study by Poniewiersket al. [8,9] also predicted the exis- particular value ofA ¢, at a given pressure. A practical dif-
tence of a tricritical point for the transition, though its loca- ficulty associated with this measurement is the long time
tion in the phase diagram atD =5.9 is in quantitative dis- required for the system to “diffuse” through the full range
agreement with the most recent simulati¢6$ In contrast, of Ag, and thus to accumulate sufficiently reliable statistics
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for the probability histogram. Consequently, we employ um- 20.0

brella sampling[12], to improve the statistical accuracy of

the measurement. The essence of the technique is to bias the 15.0 ]
sampling of configurational space such that configurations

with a high free energy will be sampled more frequently. 10.0 ]
Furthermore, by performing a sequence of simulations in =

which Ag, is biased to lie within adjacent or overlapping =

windows, it is possible to combine the data to form a much 50 ]
more accurate free-energy profile than could be obtained in &

the same time by direct sampling of,,,. In the present 0.0 ]
study, we follow the approach of ten Woldet al. [13],

whereby the biasing potential for each simulation has a har- -5.0 1
monic form W(Agy) = 3ksm(Asm— Ag)2, Wherekg, deter-

mines the effective width of the window, ard, its position. —10-00-0 02 o4 06 0.8 10

Simulations are performed for several values\gfin such a
way that, for a suitably chosdq,,, the full range ofA, is
accurately sampled. After correcting the probability mea- FIG. 1. Free energy profiles for hard spherocylinderk /i =
surement of each data set for the effects of the biasing, thier three system sizes at the following pressuis:280, P* =5.6;
free-energy profile can be constructed by fitting the composN=540, P* =5.6; N=928, P* =5.7.

ite data set with a po_IynomiaI. . system. For the smallest system, the free energy has a flat-
As the freely rotating spherocylinders of the system haVEiened, slightly concave-upwards shape. The profile for

an infiniteL/D ratio, they must be appropriately scaled to anN =540 is also fairly flat, but possibly shows a very small
eﬁec“vely f|n|te L/D !I’] Ol’del’ to perform the S|mulat|0n. We free_energy barrier_ However, for the |argest System, a free_
employ the method in the study of Bolhuis and Frerfléd]  energy barrier of significant magnitude has developed. In this
Briefly, we exploit the fact that the particles are almost com-case, a smectic phase with,,~0.6 is evident. The fact that
pletely aligned—the average angle the particles make witlhe free energy minimum corresponding to the nematic phase
the director scales asll/Scaling the system along the di- is positioned slightly abova ;=0 is an artifact of the finite
rector by a factor ot yields a collection of shifted cylinders size of the system. Note that the pressures were chosen to be
(the hemispherical caps are scaled out in this compressioms close as possible to the coexistence value for each system
of constant unit length along the director, with a circularsize. For theN=928 system, where a free energy barrier is
cross-section perpendicular to the director, where the shift oflearly present, this is the value for which the free energy
the cylinder is of the order of the diameter of the spherocyl-minima are equal. For the smaller systems, we define this to
inder. The reduced density* =p/pcp, Wherepcp is the  mean simply a value for which the profile is flat and rela-
close-packing density, and the reduced pressurdjvely symmetric. In all cases, the shapes of the profile were
P* =P/(pkgT), are unaffected by the scaling. Thus, we per-found to be highly sensitive to value of the pressure: small
form Monte Carlo simulations with this scaled system in theincreases(decreasgsin P were found to shift the global
normal NPT ensemble. Further details of the method can bminimum to a higheflower) value of A4,,. Predictably, this
found in Ref.[6]. sensitivity increased with increasing system size. We note
The Monte Carlo simulations were performed at constanthatN=928 system is very close to, though not precisely at,
pressure in which volume fluctuations included independentoexistence(the situation for the smaller systems is less
fluctuations of the system box length along the three perperelear-cui. Nevertheless, the qualitative picture is clear:
dicular coordinate axes. The simulations were performed fofree energy barrier develops as the system size increases,
system sizes o =280, 540, and 928 spherocylinders, eachindicating that the transition is first-ordeitn Fig. 2 we cor-
with five, six, and eight layers respectively for the smecticrelate the reduced density of the systginwith the average
phase. In each case, tR§A ) were measured for 15 — 20 A, for each of the sampling windows for each of the three
values ofA in the rangd0,1] and with a harmonic width of systems studied here. In each case there is monotonic in-
ksm/kgT=1500-3600. These parameter values ensured erease inAg,, with p*. Note that the upwards shift of the
statistically relevant sampling over the full rangefof,, with ~ largest system data is simply a result of the slightly higher
partially overlapping probability distributions for the pressure used in this case. From this graph, we see that for
harmonic-bias windows. Each full free-energy curve washe N=928 system there is approximately a 2% density dif-
constructed by fitting the pieces to a polynomial; the inter-ference corresponding to the free energy minimum values of
cepts of the polynomial were independent for each segmemt,,,, i.e., a 2% discontinuity between the density of the
while the higher order coefficients were the same for the fullhematic and smectic phases. Figure 3 shows a snapshot of
data set. In this way, the fit shifts the individual pieces tothe system in a simulation carried out for a value\gffixed
connect properly. The choice of the order of the fitting poly-near the top of the free energy barrier, and further corrobo-
nomial affected only very slightly the shape of the resultingrates our conclusion of a first-orddl-Sm phase transition.
curve. The snhapshot shows the coexistence of nematic and smectic
Figure 1 shows the reconstructed free energy profiles andomains in the system. The free energy of the interface be-
the fitted polynomials for the three system sizes at pressuraseen these domains corresponds to the the height of the free
of P*=5.6 forN=280 and 540, an®* =5.7 for theN=928  energy barrier.
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T T aspect ratio was found to depend on the type of boundary
conditions employed. In the case of regular periodic bound-
0.480 1 ary conditions, some hysteresis was observed, while in the
case of shifted periodic boundary conditions, in which all
layers in the smectic phase are essentially connected, no hys-
teresis was observed. Note that the system size in that study
wasN=540. We repeated the NPT-MC simulations for this
system, and found that the apparent hysteresis disappeared if
the length of the simulations, in particular, the number of
- volume changing moves, was increased by a factor of ten.
A N280 The lack of hysteresis is clearly consistent with the negli-
gible free energy barrier shown in Fig. 1. However, this fea-
0.440 ' : ‘ : o ; ;
0.0 0.2 0.4 0.6 0.8 1.0 ture is itself a result of the small system size. It is expected
A, that the hysteresis would be clearly manifest for a larger
system with a significant barrier, and with metastable states
FIG. 2. Density vs smectic order parameter corresponding to th%overing a sufficiently wide range of pressures.
three s_ystems i_n Fig. 1._I§ach point _represents a sepa_lrate simulation Finally, we note that th&l-Sm transition for hard sphero-
for a window with a position determined by, and a width deter-  cyjinders was shown previously to be first order for finite
mined byksy,. Both Asp andp™ are average values for each sam- | jpy y51yes, and, from the present study, is shown to be very
pling window. likely also first order in theL/D=c« limit. These limiting
gases, therefore, rule out the existence of a single tricritical

In summary, our simulation results strongly suggest that . . X .
the N-Sm phase transition for a system of hard spherocylin—poInt (though they are not inconsistent with the more un-

ders in thel/D=c limit is first order. Note that while it KElY Presence of two tricritical poinis Thus, theN-Sm

would be desirable to carry out simulations for larger systenfhase transition very probably is first order over the entire

sizes to check that the free energy barrier scaleN%5sas /D range that it covers. . S
S o As a complement to our investigation of the nature of the
the thermodynamic limit is approached, this is currently not

possible: attempts to perform simulations with larger systemN'Sm transition of infinitely long rigid spherocylinders, we

siz65 wre found o be pronbivey tme consuming,_(hecios P prelnay siaten resuls descrbing e
It is instructive to compare the results of this study with y play y ' Y,

those of Bolhuis and Frenkdb]. In the latter study, the been growing inte_r(_est in the effects of erxibiIity_on the
presence of hysteresis in the nematic and smectic branches lngm phase transition of hard-core systems. An important

the equation of state of spherocylinders in the limit ofinfiniter.ecem expenmental st-udy of Suspensions of fd VIrus par-
ticles, which can be viewed approximately as semiflexible

hard rods, investigated the nature of cholesteric-smectic tran-
sition [14]. (The chirality of the cholesteric phase is unim-

0.470

0.460

0.450 r

otnp portant, and, thus, the transition is essentiddhSm in na-
° t‘:i"”:”" (Y o :;‘, :'.':. ture). It was argued that the presence of flexibility acts to
."ﬂﬁ”é‘. 28002 &y increase the volume fraction at the transition, decrease the
‘J; » e i 'x "ﬂ'. smectic periodicity relative to the particle length, and to
.or .wi '.o qo : .": Py drive the transition first order. This work prompted two the-
® .“’i.o’_‘,&.‘?é,’.ﬁ& 4 oretical studies: one in which the particles are highly flexible
.0;“1‘ ° 0gi % Bese% s (I"/L~N/L<1, where\ is the deflection length, and is a
”:3" a’aiﬂf -:}5 :.”.g. similarly defined “screening length’ [15], and one for
g.&mw%‘:. 7 .d"‘f" slightly flexible particles X/L>1) [16]. Both theories were
% ® ose S 2.0 able to reproduce the basic experimental results. As well, a
C"}’ ’*”‘.“‘ L - :‘..o ’oo recent molecular dynamics simulation study of semi-flexible
o S, ® = hard rods composed of spherocylinder segments also found
."‘.’-'ﬂw )..‘ ‘s ':k?: ‘0‘"0 evidence for aN-Sm transition shifted to higher volume
bt oot Tal e fractions[17].

We performed NPT-MC simulations for a system of
N =320 semiflexible rods composed of six segments, where
each segment was la/D = rod scaled in the manner de-

N scribed above. Collective moves involving the simultaneous
tilting of all particles in smectic layers, as well as collective
displacements of segment joints at nearby positions along the

FIG. 3. Snapshot of the projection of the centers of mass of &lirector axis, were introduced to increase the equilibration
system ofN=928 spherocylinders with the nematic director along ate and decrease the timescale of fluctuations. Despite these
the vertical axis. The snapshot is from a simulation with a biasing@ttempts, the system evolved very sluggishly, and equilibra-
potential parameter of ,=0.35, a value corresponding to the top of tion runs of~ 10° MC cycles were required. Initial configu-
the free energy barrier in Fig. 1. Coexisting smectid®m) and  rations in both the nematic and smectic phases were em-

nematic(N) domains are labeled. ployed. For a flexibility given byn/L=0.46, we observe a

w
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stable nematic phase with a densitypdf=0.51 atP* =10.0, fect of flexibility on a system of hard rods wittY D = is to
and a stable smectic phase at a densitypd£=0.55 at shift the density at the transition to higher values, consistent
P*=12.0; thus, aN-Sm phase transition lies within this den- with experimental, theoretical and computer simulation re-

sity range. From comparable simulations performed orsults for finitet/D particles.

smaller systems, we observe that the transition density in- ) ) .
creases with increasing system size, i.e. the effect of a rela- 1hiS Work is part of the research program of the “Stich-
tively small system size is to stabilize the more orderedind Fundamenteel Onderzoek der Materi"OM) and is
(smecti¢ phase. Consequently, the observed transition dersupported by “Nederlandse Organisatie voor Wetenschap-
sity for the N=320 system ofp* e [0.51,0.55 is a lower pelijk Onderzoek” (NWO). J.P. acknowledges the financial
limit for the value anticipated for larger system sizes. Thissupport provided by the Computational Materials Science
compares with the observéét Sm coexistence density range program of NWO. We would like to thank Richard Sear and
for rigid rods of p* € [0.46,0.47 for N=928. Thus, the ef- Blandine Jeome for a critical reading of the manuscript.
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